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Abstract—Real-world datasets often describe data instances
in different views that complement information for each other.
Unfortunately, synthesizing these views for learning a
comprehensive description of data items is challenging. To tackle
it, many approaches have been studied to explore correlations
between various features by assuming that all views can be
projected into a same semantic subspace. Following this idea, we
propose a novel semi-supervised method, namely dual graphregularized multi-view feature learning (DGMFL), for data
representation in this paper. The core idea is to generate a latent
subspace among different views. Our approach utilizes dual
graph regularization to capture semantic relationships among
data items on both multi-view features and label information, as
well as locates view-specific features for each view to reduce the
effects of uncorrelated items. In this way, DGMFL could achieve
more comprehensive representations hidden in multi-view
datasets. Extensive experiments demonstrate that DGMFL model
is superior to state-of-the-art multi-view learning methods on
real-world datasets.
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regularization.

reduction,

multi-view

data,

dual

graph

I. INTRODUCTION
In most data analysis problems, real-world data always
come from multiple views or modalities. For instance, a book
can be translated into different versions to fit in with the needs
of different countries; a picture can be described with color and
structure features; a user‟s potential interests in shopping
recommender systems can be reflected by not only purchase
bills but also searching history. Generally, multiple views
describe various perspectives of the data so that they can
provide more information in detail than single view for data
representation. By multi-view features sharing, we could take
advantage of the “extra” information to learn a more
comprehensive description and benefit related tasks such as
clustering and classification.
For multi-view analysis, the conventional method
concatenates all views together to form a new representation,
which would cause the dimensionality problem [1]. To address
it, there are many promising methods emerging in various
contexts, such as co-training [18] [21] [25], multiple kernel
learning [19], [20], multi-view transfer learning [22], and,
latent subspace learning [9], [16], [17]. Among these methods,

subspace learning can project all views into a low-dimensional
subspace to avoid “curse of dimensionality” problem, thus it
becomes a promising direction in multi-view learning area.
Subspace learning aims to acquire a common subspace derived
through various views by presuming that these views are
generated from the common feature subspace. Given this latent
space, the subsequent missions, such as classification and
clustering, can be conducted straightforwardly. For example,
Canonical correlation analysis (CCA) [2], which is the earliest
method, follows this idea to integrate two views together and
learn the latent subspace. After that, more advanced techniques
are used for subspace learning, such as Gaussian processes [3],
undirected graphical models [4] and non-negative matrix
factorization [5],[6],[8].
Among these techniques, non-negative matrix factorization
is a growing one for multi-view subspace learning. The key
idea of NMF is to integrate parts into a whole, which accords
with the mode of human cognition. Inspired by this, MultiNMF
[6], is designed to generate a common representation by
formulating the joint matrix factorization process, which could
reflect the common feature shared by various views.
Furthermore, its variants, NMF-KNN [5] and SULF [8] are
proposed for getting better latent subspace features. However,
one drawback of these methods is that come to nothing to
utilize local geometric structure from data distribution [9]. To
tackle this issue, Cai et al. [9] proposed a graph-regularized
nonnegative matrix factorization (GNMF) by imposing the
manifold regularization on traditional NMF for single-view
data and then extended to multi-view data [10]. Cao et al. [26]
utilized subspaces with a diversity constraint to reinforce
complementarity between different views. Guan et al. [7]
encouraged items in the same class closer while ones in
different classes more distinct in the learned subspace by
utilizing partial label information. Besides, there are many
graph regularized methods taking the effect of irrelevant and
noise features into account for multi-view learning as well.
Different from the previous methods, there are some methods
to learn the view-specific features such as [11] for noise
reduction. These multi-view methods have shown their
excellent performance with single graph regularization.
Recently, several single-view methods with dual graph
regularization, have been proposed and is superior to single
graph-regularized ones [27], [28].

Inspired by [11] and the existing dual graph regularized
models, we propose a novel non-negative model, namely Dual
Graph-regularized Multi-View Feature Learning (DGMFL).
We focus on dual graph regularization and noise reduction in
multi-view subspace learning, which includes the following
two-fold. Firstly, motivated by different sides of datasets,
which are feature matrices and label information, we utilize
graph regularizations to rule local structure in each view and
conceptual structure of label items, respectively. Secondly,
different from the existing methods that project items from the
shared semantic subspace to various views, DGMFL follows
the key idea in [11] to reconstruct into view-specific features
and shared latent features for noise reduction. Finally, the cost
function is minimized iteratively with the nonnegative
constraints for each view through latent representation sharing.
The major contributions of our work are:
 The dual graph-regularization is proposed to
simultaneously use local geometric structures in each
view and conceptual structures of label items for multiview learning.
 Both view-specific and view-shared features are learned
simultaneously to reduce the effect of uncorrelated
features for subspace learning in DGMFL.
 A new objective function is designed and an effective
updating procedure is derived to solve the optimization
problem.
The rest of this paper is organized as follows. We would
introduce some related works briefly in Section II. In Section
III, we propose a novel semi-supervised method, named dual
graph-regularized multi-view feature learning (DGMFL), and
corresponding optimization routine. Experimental results,
which presents in Section IV, demonstrate that DGMFL model
is superior to other multi-view learning methods on real-world
datasets. Finally, we would conclude our paper in Section V.
II. RELATE WORK
In this section, we briefly review two lines of related works
on single-view NMF and multi-view NMF, as well as point out
the literature gaps that this paper aims to address.
A. Single-view NMF
Nonnegative Matrix Factorization (NMF) is a branch of
matrix factorization area, which forces on data without
negative items, for data representation. The idea of NMF is to
factor a non-negative matrix into two lower dimensional ones.
In NMF, each sample can be reconstructed by non-negative
basic components with linear transformations. Unfortunately,
the traditional NMF only computes the Euclidean distance
between data items without considering local geometric
structure from semantic view.
To address this, Cai et al. [9] proposed a graph regularized
nonnegative matrix factorization (GNMF) by manifold learning
for preserving the local geometrical structure on highdimensional features. After that, Zhi et al. [29] designed to
learn low-dimensional representation for good classification
performance via exploiting both graph-preserving and sparse

constraints, which considered both structures of original data in
the embedded subspace and the class information of the data.
Moreover, there are some other variants of NMF, such as
SNMF [23] and CNMF [24], proposed in single-view learning.
Although these methods perform excellent in data
representation, several dual-graph regularized algorithms have
been proposed and shown better performance than traditional
single-graph regularized ones by thinking of the divergence
between data items and features. The advantage of dual graph
regularization is obvious by exploiting the additional angle of
data items. Inspired by this idea, Shang et al. [27] proposed
graph dual regularization non-negative matrix factorization
(DNMF). DNMF constructs respectively two nearest neighbor
matrices for local structures of data item space and feature
space.
B. Multi-view NMF
Multi-view NMF is a promising method for multi-view
latent subspace learning. The original algorithm, namely
MultiNMF [6], is designed to formulate a joint matrix
factorization for learning a common latent representation.
Furthermore, some variants of NMF emerge in multi-view
learning, such as NMF-KNN [5] and SULF [8].
Many existing methods utilize multi-view features with
graph regularization to acquire a comprehensive lower
dimensional subspace. For example, the approach in [10]
developed a multi-view NMF-based method with graph
regularization, called EquiNMF, in a completely automated
data-specific unsupervised fashion. The work in [26] enhanced
the complementarity of multiple views by adding diversity
constraints on subspaces. In [7], Guan et al. constructed a graph
embedding model based on label information for making items
in the same class closer and those belonging to different classes
farther in the learned latent subspace. Different from the
previous methods, some methods have considered removing
the effect of the individual irrelevant features from each view
by learning view-specific features singly such as [11].
Although the above algorithms have achieved good
performance for data presentation, there are the following
problems that they ignored the duality between data points and
features in multi-view learning, so that only can get less
comprehensive information of the dataset. Considering the
outstanding performance of dual graph regularization in singleview learning, we propose to utilize the idea of dual graph
regularization into multi-view learning for improving data
representation. However, it is complicated to compute data
points, which is the rows of feature matrices, for each view.
Instead of regularizing data points, we use label information as
[7] to construct inter-class penalty graph and intra-class reward
graph as a part of labeled data regularization in our model.
III. DUAL GRAPH-REGULARIZED MULTI-VIEW FEATURE
LEARNING

In this section, we illustrate the workflow of DGMFL as
shown in Fig. 1. For given data items, various features are
obtained to construct a multi-view dataset D  { X (i ) }iK1 with

K views and N instances. X (i ) 
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Fig. 1. An introduction of the workflow of DGMFL approach.

matrix belonging to the i-th view with M i - dimensional
features, in which + is data matrices with non-negative
constraint. X F stands for the Frobenius norm of matrix X
throughout this paper. With the principle of "close relatives and
great differences", it forms the intra-class affinity weight
matrix and the inter-class penalty weight matrix by using
labeled items. Meanwhile, it exploits the local geometrical
structure of features in each view through geometrical
regularizations that are acquired through semantics distance.
By jointly optimizing these matrices with local structure
regularization and semi-supervised constraint, the common
feature representation H can be achieved. After that, we
introduce the design ideas and derive the optimization
processes of DGMFL in details.
A. View-Shared and View-Specific Feature Extraction
In DGMFL, we aim to identify a consensus feature matrix
H for multi-view data representation. The basic optimizing
framework of DGMFL means to learn the view-shared
subspace feature representation H and view-specific feature
representation H I(i ) for each view [11]. Given the dimensions
m k and mv of H and H I( i ) respectively, the basic multi-view

learning model as follow:
K
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i 1

T
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Since the global property is crucial for multi-view subspace
learning [9], we construct a local structure invariance graph as
[9] to regularize the view-shared feature. The graph represents
local geometrical structure by distance-weighted matrix W ( i )
among samples from feature information of each view.
Therefore, we rewrite our model in Eq. (2) as:

L =D
(1)

is view-specific projection matrix,

and H  m+ k  N . As shown in Fig.1, the feature matrix from
each view is transformed by weight matrices WI( i ) and WC( i ) to
the view-shared subspace feature H and view-specific features
H I( i ) , respectively. In this way, each view is concentrated on
acquiring the common latent subspace feature matrix H which
couples the view-specific projection matrix and uncorrelated
feature matrix for each view to minimize the objective function
[11].
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2
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its diagonal matrix D of W ( i ) . By minimizing the graph
regularization term tr ( HL(i ) H T ) , the two data samples X i(i )

and X (j i ) that are similar in the i -th feature set, become
similar in the learned latent subspace as well.
To ensure that the learned subspace reflects relationships
among items, we exploit another graph embedding framework
[7] to regularize the view-shared feature matrix H . By this
graph regularization, DGMFL can capture conceptual features
from label information. Obviously, the completeness of label
information influences the ability to capture conceptual
features. Assuming that we only get incomplete label
information from the real world, H and each view should be
divided into two parts, which are labeled and unlabeled part
respectively, via partial label information. We rule that data
items in each X ( i ) are regrouped as X (i )  [ X (i ),l , X (i ),u ] , in
which the superscripts l and u respectively denote
“labeled” and “unlabeled”. Meanwhile, H is rewritten as
H  [ H l , H u ] . We utilize two graphs as shown in Fig. 1, the
intra-class reward graph G a and the inter-class penalty graph
G p to handle label information, respectively. The weight
matrices are relatively formulated as W a and W p . Set that hil
represents the i -th column of H l . The affinity graph
objectives are defined as:
l
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B. Optimization
It is obvious that the optimization problem in Eq. (7) is not
convex when WI( i ) , WC( i ) , H I( i ) , H are coupled together. Since
the non-convexity of the optimization problem, we can achieve
local minima instead of its global minima. Therefore, the
variables of DGMFL model can be alternatively optimized to
acquire the local optimal solution [7] [9] [11] by updating one
variable while keeping the others fixed.
Optimizing WI(i ) and WC(i ) : when H I(i ) and H are fixed, the
optimizations of WI(i ) and WC(i ) are independent for different
views, which can be formulated as:
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In general, Eq. (3) ensures that items in the same class should
be closer in the latent subspace, while Eq. (4) should try best
to make items in different classes farther from each other.
The above graph model can be instantiated by two specific
definitions W a and W p as
1
 1
 N l  N l , if ci  c j
a
Wij   ci
(5)
 0,
otherwise

 1
, if ci  c j

p
Wij   N l
(6)
 0,
otherwise
l

Where ci denotes the label of the i -th item and N ci

represents the total number of items with the label ci . They can
make efficient use of label information to close among same
class and punish between different classes through Eq. (5) and
(6).
By combining the aforementioned objectives, the
optimization model of DGMFL can be rewritten as:

(7)

s.t. W , W , H , H  0.
Herein,   0 and   0 are the parameters that control
local structure regularization of new representations and the
graph embedding objectives, respectively.
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The problem of Eq. (8) and Eq. (9) are non-negative
quadratic programming problems, which can get the optimal
solution by traditional NMF model [12]. Since Eq. (8) is
similar to Eq. (9), they can be converted to:
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Herein, U (i ) stands for WI(i ) or WC(i ) while

V denotes for

H or H . To optimize Eq. (10),  be set as the Lagrange
multiplier for the constraint V  0 . After that, the Lagrange
function is:
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Similar to the above optimizing rules for Eq. (10), we can
achieve the updating rules for H1(i ) :

 H I(i )    H I(i ) 
jk

W

X 
H 

(i ) T

(i )
I

jk

(i )
I



(16)

jk

jk

Optimizing H : when WC(i ) is fixed, the subproblem for H
can be rewritten as:
(17)

Recall that X (i )  [ X (i ),l , X (i ),u ] and H  [ H l , H u ] . We can
transform the first two items of optimization objective Eq.
(17):
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Update WI(i ) and WC(i ) according to Eq. (13) and (14).
Update H I(i ) according to Eq. (16).
l
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Update H and H according to Eq. (20) and (21).
Set H  [ H l , H u ] .
Until Convergence;
Output H.
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settings are applied to Wuu and Duu . Algorithm 1 shows the
complete procedures for our model. In step 1, the new viewshared feature H and view-specific features H I(i ) as well as the
projection matrices WI(i ) and WC(i ) are initialized randomly.
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Algorithm 1: DGMFL algorithm.
Input: multi-view dataset D  { X (i ) }iK1 , parameter α

u T

(18)
In which L(lli ) and L(uui ) are respectively the parts for labeled
items and unlabeled items of L( i ) for i-th view. For
l
(i )
( i ),l T
compactness and clarity, we set Q   i 1WC ( X ) and
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p

class punishment graph and corresponding D , D and D .
After that, WI(i ) , WC(i ) , H I(i ) and H are updated iteratively by
steps 3 to 5 while we set H  [ H l , H u ] until convergence.
The optimization of the proposed model Eq. (7) can be
divided into four subproblems (see Eqs. (8), (9), (15) and (17))
and all of them are convex with one variable. We optimize
each subproblem alternatively to compute the minima. In
conclusion, the proposed model can be converged to a local
optimal solution [9], [15].

K
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K

which is similar to Q u and Luu . Eq. (18) can be transformed
into
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Consequently, we can update H and H , respectively.
Similar to the above optimization strategy Eq. (19), the
following updating rules can be obtained:
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IV. EXPERIMENT
We show results of DGMFL model to demonstrate the
effectiveness of our model on learning latent subspace
representations from multi-view datasets.
A. Datasets
We test and verify the proposed algorithm on the following
real-world datasets, which are summarized in Table 1:
SensIT Vehicle: [13] is collected from wireless distributed
sensor networks (WDSN). It uses two sensors, which are
acoustic and seismic sensor respectively, to record signal
information from three different types of vehicle. We sample
100 data from each class. Therefore, we get a subset including
300 data samples of two different views.
Reuters: comes from the Reuters Multilingual collection

TABLE I.

by graph embedding regularization, with traditional NMF to
learn a latent subspace via different views.

STATISTICS OF THE DATASETS

Dataset

# of
categories

Dimensionality of views

SensIT

3

50/50

Reuters

5

2000/2000/2000/2000/2000

[14], which includes 111740 documents of daily news in five
languages. Each data item was transformed into a TF-IDF
vector. We randomly sampled 200 vectors for each category.
Finally, we can get a dataset including 1800 documents with 5
classes.
B. Experiment setup
We evaluate our DGMFL method on the above datasets in
terms of NMI, purity (PUR) and accuracy (ACC) by
comparing with the following methods:
BSV (NMF on best view): This applies traditional NMF [12]
on each view to learn latent features and reports the best
performance.
MultiGNMF (Multi-view Graph regularized NMF): This
method combines GNMF [9] with multi-view learning.
UMCFL
(Unsupervised
Multi-View
Non-Negative
Correlated Feature Learning): UMCFL learns view-specific
features and shared features in the latent feature subspace
simultaneously, thus it can capture feature correlations hidden
between different views.
MCL (Multi-View Concept Learning): this method is a
non-negative latent space learning model for catching
conceptual information from multi-view features by exploiting
both multi-view features and label information. It combines
semantic relationships among labeled items which are obtained
TABLE II.

CLASSIFICATION PERFORMANCE ON SENSIT DATASET

For each experiment, we execute these methods ten times
as well as compute the average performance for evaluation. We
utilize feature matrices generated from all methods for
classification and clustering. We set that the percent of labeled
items and unlabeled ones are 20% and 80%, respectively. For
classification, the labeled part is used to train SVM classifiers,
and then we evaluate methods by these classifiers on the
unlabeled part. For clustering, we employ k-means to test and
verity unlabeled latent features. For Multi-GNMF, the
parameter λ for all views is given to be 100, as presented in [9].
Similarly, we use the parameters presented in the paper for
UMCFL and MCL. Since all of the above methods need to be
given the dimension of the latent representation, we set the
dimension to be a fixed value, which is smaller than
dimensions of each view, to make a fair comparison. Moreover,
the dimension of the learned view-specific features for each
view is set to be 3, which is the same setting with UMCFL.
C. Performance Comparison
Tables II and III show the classification results of DGMFL
model on SensIT and Reuters dataset respectively.
Observations are as follows. First, approaches based on multiview learning are generally superior to NMF on best view.
This is same as previous work in multi-view learning. Second,
UMCFL outperforms traditional MultiGNMF, which indicates
that irrelevant features have a negative impact on data
representation. By learning view-specific features for each
view, UMCFL minimizes the effect of irrelevant features to
get a better result. Third, as a semi-supervised method, MCL
shows its superiority to unsupervised methods such as the first
three ones, which indicates that label information could help
TABLE III.

CLASSIFICATION PERFORMANCE ON REUTERS DATASET

Methods

NMI

Purity

Accuracy

Methods

NMI

Purity

Accuracy

BSV

0.105±0.047

0.475±0.065

0.448±0.069

BSV

0.012±0.005

0.208±0.018

0.179±0.027

MultiGNMF

0.053±0.036

0.485±0.073

0.469±0.052

MultiGNMF

0.135±0.012

0.315±0.022

0.309±0.009

UMCFL

0.072±0.006

0.497±0.010

0.497±0.010

UMCFL

0.199±0.014

0.318±0.014

0.296±0.017

MCL

0.091±0.049

0.508±0.050

0.508±0.050

MCL

0.148±0.041

0.329±0.088

0.319±0.093

DGMFL

0.115±0.057

0.527±0.054

0.512±0.084

DGMFL

0.098±0.020

0.336±0.016

0.323±0.018

(a)
(b)
Fig. 2. Clustering results of different methods. Error bars represent standard
deviations. (a) Performance on SensIT. (b) Performance on Reuters.

(a) SensIT
(b) Reuters
Fig. 3. Convergence analysis of DGMFL on (a) SensIT and (b) Reuters.

(a)
(b)
Fig. 4. The performance of DGMFL on the SensIT dataset with different
parameters: (a) varying  by setting that  =1e  4 . (b) varying  by
setting that  =1e  4 .

acquire better discriminative structures for common subspace.
MCL exploits partial label information to construct withinclass affinity graph and the between-class penalty graph,
which make easier to acquire more effective conceptual
structures in the latent space ， for formulating graph
embedding regularization. At last, Experiments indicate that
DGMFL is significantly superior to the other methods on
SensIT and Reuters datasets. DGMFL regularizes local
structure for each view and conceptual structure for label
items by dual graph regularization framework, and thus
captures semantic relationships among data samples on both
multi-view features and label information, respectively.
Besides, DGMFL reduces the effects of uncorrelated items by
learning view-specific features for each view. It could help
learning a more meaningful common subspace. Generally, our
method performs much better than all baseline methods on
SensIT and Reuters dataset.
The clustering performance on SensIT and Reuters datasets
are respectively shown in Fig. 2. The observations are similar
to those for classification. Obviously, Our DGMFL algorithm
is superior to the compared methods in terms of NMI, PUR,
and ACC.
D. Convergence Analysis
In terms of the optimization rules, we update parameters
iteratively to get the local minima of the objective function, and
calculate objective function value and classification ACC with
respect to the number of iterations for SensIT and Reuters in
Fig. 3, respectively. As observed, we can find that the function
value decreases steadily with more iterations and the
optimization procedure converges around 8 iterations. At the
same time, the performance becomes stable in both two
datasets.
E. Parameter Study
We investigate the performance of our proposed DGMFL
method by varying parameters  and  on SensIT and
Reuters datasets, respectively.  measures the importance of
local geometrical structure for feature matrix in each view
while  controls the degree of semi-supervised part for label
information in DGMFL. We investigate the influence of
parameters  and  by setting that one parameter is fixed
meanwhile the other is being varied. For each given setting, we

(a)
(b)
Fig. 5. The performance of DGMFL on the Reuters dataset with different
parameters: (a) varying  by setting that  =1e  4 . (b) varying  by
setting that  =1e  4 .

run 10 times to calculate average performance for comparison.
The performance of clustering and classification on two
datasets are visualized in Fig. 4 - 5. From Fig. 4(a) and Fig.
5(a), we can obverse the performance variation about
parameter  . With increasing of  , overall performance
decreases steadily. Especially, the classification one on Reuters
dataset decreases dramatically in [1e  4,1e  3] as shown in
Fig. 5(a). Note that, the performance is higher than those in
other cases when the value of  is 1e  4 . The reason is that
excessive attention on local geometric structure for each view
would lead to strong constraint, resulting in overfitting.
Regarding the parameter  , the clustering performance is
relatively steady as shown in Fig. 4(b) and Fig. 5(b). Similar to
 , the classification performance also decreases fast in
[1e  4,1e  3] . Moreover, DGMFL achieves the best
performance both on clustering and classification. It indicates
that graph embedding constraints based on label information
are useful to learn an outstanding latent subspace. According to
these observations, we empirically set  =1e  4 and  =1e  4
for all the experiments.
V. CONCLUSION
In this paper, we propose a dual graph-regularized multiview subspace learning method with non-negative constraint,
namely DGMFL. We exploit dual graph-regularization, which
simultaneously uses local geometric structure in each view and
conceptual structures of label items, for multi-view learning. At
the same time, we locate both view-specific and view-shared
features simultaneously to reduce the effect of uncorrelated
features for multi-view semantic representation subspace
learning in DGMFL. A new objective function is designed to
be iteratively optimized for each view and experiments
demonstrate that it performs superior to the other methods.
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